We prove the convergence of an iterative method to a fixed point of a nonexpansive mapping in a uniformly smooth Banach space. We are able to relax one of the control conditions of P.L. Lions (1977) .
INTRODUCTION
Let X be a Banach space, C a nonempty closed convex subset of X, and T : C -t C a nonexpansive mapping (that is, \\Tx -Ty\\ ^ ||x -y|| for x, y € C). (Throughout this article, we always assume that T has a fixed point.) For a fixed u € C and each t € (0,1), let z t denote the unique fixed point of the contraction T t given by ( 
1.1) T t x :=tu + (l-t)Tx, xeC.
Namely, we have (1.2) z t =tu+(l-t)Tz t .
Browder [1] proved that if X is a Hilbert space, then z t converges strongly as t -¥ 0 to a fixed point of T. Reich [4] proved that the same conclusion is true in a uniformly smooth Banach space.
Halpern [2] initiated the study of another (explicit) iterative method:
x n+l =a n u+{l-a n )Tx n , n ^ 0, where x 0 is an arbitrary initial data in C and {a n } is a control sequence in (0,1). He proved the strong convergence of the sequence {a; n } if {a n } satisfies certain control conditions, two of which are (Cl) lim a n = 0 and n-*oo oo oo (C2) J2 a n = °°i or equivalently, \\ (1 -a n ) -0. [7] who proved the strong convergence of {x n } if {a n } satisfies (Cl), (C2) and OO (C4) £ \a n+1 -a n \ <oo. n=0 Reich [4] , Shioji and Takahashi [6] essentially extended Lions' and respectively, Wittman's results to the framework of uniformly smooth Banach spaces. Reich [5] also extended Wittman's result to the class of Banach spaces which are uniformly smooth and have a weakly sequentially continuous duality map. Moreover, the control sequence (a n ) is required to satisfy (Cl), (C2) and to be decreasing (and hence (C4) is satisfied).
The purpose of this article is to show that Halpern's result holds in a uniformly smooth Banach space if Lions' control condition (C3) is replaced with the control condition (C5) lim (a n + i -a n )/(a n+1 ) = 0 , or equivalently, lim (a n )/(a n + 1 ) = 1.
n-»oo n-too
T H E CONVERGENCE RESULT
We need two lemmas.
LEMMA 2 . 1 . Let {a n } be a sequence of nonnegative real numbers satisfying (2.1) a n+ i ^ ( l -a n ) a n + a n /? n , n ^ 0, where {a n } is a sequence in (0,1) satisfying the control condition (C2) and {/?"} is a sequence such that lim sup /?" ^ 0. Then lim a n -0.
n-*oo ' n->oo PROOF: For any e > 0, let N be an integer big enough so that /?" < e for n ^ N. Repeatedly using (2.1), we obtain, for n > N,
Condition (C2) then implies that lim sup a n ^ e. This completes the proof. D
LEMMA 2 . 2 . (Reich [4]) Let X be a uniformly smooth Banach space. Let C, T, and {z t } be given as in the Introduction. Then the strong limit lim z t exists and is t-•O a fixed point of T.
We are now in the position to state and prove the main result of the paper. It is known that J is the subdifferential of the convex function || • || 2 /2:
2 , x € X. Since X is uniformly smooth, it is also known that J is single-valued and norm-to-norm uniformly continuous on bounded subsets of X. The subdifferential inequality implies (and is actually equivalent to) the inequality (2.2) ||x + y|| 2^| |x|| 2 + 2<2/,J(x + 2/)>, x,y e X.
For a fixed point p of T, it is not hard to see (by induction) that ||x n -p|| max{||xo -p\\, ||u-p||} for n ^ 0. In particular, {x n } is bounded and so is {Tx n }. Hence (2.3) ||x n+ i -Ta: n || = a n ||u -Tx n || -> 0 (n -> oo).
It follows from (1.3) that
INn+i -x n \\ = ||(a n + i -a n )(u -Txn-J + (1 -a n+l )(Tx n -Ti n _i)||
(1 -a n + i)||x n -x n _i|| + M|a n + i -a n \ = (1 -a n + i)||x n -x n _i|| + a n + i/ 
n-•oo
Let z t e C ( 0 < 2 < l ) b e the unique fixed point of the contraction T t given by (1.1). By (1.2) we have
It thus follows from (2.2) that
Taking limsup as n -> CXD and observing (2.4), we get
Letting t -> 0, noting the fact that zt -> z in norm (Lemma 2.2) and the fact that the duality map J is norm-to-norm uniformly continuous on bounded sets of X, we get
n->oo
From (1.3) we can write
Apply the inequality (2.2) to get
Thus (2.6) ||s n + i -z\\ 2 ^ (1 -a n+1 )||2; n -zf + a n+ i/? n , where /3 n := 2(u -z, J(x n + 1 -a;)) satisfies Iimsup6 n ^ 0 by (2.5). Apply Lemma 2.1
n-HX)
to (2.6) to conclude that lim ||x n -^;|j = 0; that is, {x n } converges strongly to z. D condition (C5). However, the two conditions are not comparable in general. Indeed, any decreasing sequence {a n } satisfies condition (C4), but not necessary condition (C5); for example, the sequence {a n } given by a n = e~n (n ^ 1) satisfies (C4), but fails to satisfy (C5). On the other hand, the sequence {a n } given by
, if n is even y/n-1 satisfies (C5), but fails to satisfies (C4). We also note that conditions (C3) and (C4) are not comparable either. REMARK 2. From the proof of Theorem 2.3 one can see that the uniform smoothness assumption of X can be weakened to the uniform Gateaux smoothness of X (equivalently, the duality map J is norm-to-weak * uniformly continuous on bounded subsets of X) plus the fixed point property for nonexpansive mappings which guarantee the strong convergence of {z t }.
